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Recently we obtained an evolution equation of gluon TMDs, which addresses a problem of unifi-
cation of different kinematic regimes. It describes evolution in the whole range of Bjorken xB and
the whole range of transverse momentum k⊥. In this notes I study different limits of this evolution
equation and show how it yields several well-known and some previously unknown results.
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Evolution of gluon TMDs from small to moderate x
1. Introduction
A concept of factorization plays an important role in study of high-energy scattering reactions.
It implies that parts of interaction that correspond to different scales can be separated from each
other. The scheme of this separation is not unique and depends on the process and its kinematic
regime. In particular, for analysis of semi-inclusive reactions like semi-inclusive deep inelastic
scattering (SIDIS), Drell-Yan, e+e− annihilation, etc. one can apply transverse momentum depen-
dent (TMD) factorization [1, 2, 3]. In this case parton distribution functions (PDFs) depend both on
longitudinal momentum fraction variable x and transverse momentum k⊥ of the parton involved.
A great success has been achieved in understanding of TMD factorization at moderate-x [1,
2, 3, 4, 5, 6]. At the same time, for small-x a variety of different approaches has been developed
[7, 8, 9, 10]. This approaches are rather different from their moderate-x counterparts. As a result
one should address a question how to describe transition between two limits and get some kind of
unified picture.
Of course, one can argue that "variations" between different approaches are not relevant, be-
cause each of them is justified in its own kinematic region and in a sense doesn’t interfere with
another. However, while in theory the regimes are well separated, in practice their boarders are
not rigorously defined. For example, the future Electron Ion Collider (EIC) [11] will work at inter-
mediate values of x and, while being a moderate-x machine, will reveal a spectrum of phenomena
related to small-x physics. This indicates the need to study a transition from low to moderate-x.
This of course would be very interesting from theoretical point of view as well.
It was shown recently that such transition can be constructed [12, 13]. We consider a rapidity
evolution of TMD operator which generates a set of (un)polarized TMD PDFs:
˜F
a
i (βB,x⊥)F aj (βB,y⊥), (1.1)
where
F
aη
i (βB,k⊥) =
∫
d2z⊥ e−i(k,z)⊥F aηi (βB,z⊥),
F
aη
i (βB,z⊥) ≡ 2s
∫
dz∗ eiβBz∗
(
[∞,z∗]
am
z gF
m
•i (z∗,z⊥))
η (1.2)
and
˜F
aη
i (βB,k⊥) =
∫
d2z⊥ ei(k,z)⊥ ˜F aηi (βB,z⊥),
˜F
aη
i (βB,z⊥) ≡ 2s
∫
dz∗ e−iβBz∗g
(
˜Fm•i (z∗,z⊥)[z∗,∞]
ma
z
)η
. (1.3)
We use the Sudakov decomposition k =α p1+β p2+k⊥, where p1 and p2 are two light-like vectors
defined by the process. For the coordinates we use the notations x• ≡ xµ pµ1 and x∗ ≡ xµ p
µ
2 related
to the light-cone coordinates by x∗ =
√
s
2x+ and x• =
√
s
2x−. We study a case of future-point
Wilson lines defined as
[x∗,y∗]ηz⊥ = Pexp
[2ig
s
∫ x∗
y∗
dz∗ pµ1 A
η
µ(z∗,z⊥)
]
. (1.4)
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The tilde sign indicates that the corresponding operators obey an inverse time ordering. Vari-
able βB serves as a longitudinal momentum fraction x for distribution functions and 1/zF for frag-
mentation.
In this study we use a rapidity factorization approach [14]. We introduce a rapidity cutoff
σ and separate all fields into two classes based on their Sudakov α . As a results we can write a
particular semi-inclusive cross section as a convolution of the hard part (impart factor) constructed
from "slow" fields with α > σ and the matrix element of operator (1.1) constructed of "fast fields"
Aηµ(x) =
∫ d4k
16pi4 θ(e
η −|α |)e−ik·xAµ(k), (1.5)
where η ≡ lnσ .
To get the evolution equation of operator (1.1) we study its dependence on the rapidity cut-
off. We shift the cut-off to a new value σ ′ and calculate one-loop corrections to (1.1) with the
gluon emission within σ ′ < α < σ in the background of the target fields (gluons with α < σ ′).
The rapidity divergence is regularized by explicit cut-off σ . We calculate an evolution kernel in
moderate- and small-x limits and then combine two results.
One can find details of derivation in Ref. [12]. The final evolution equation for the matrix
element of (1.1) between two proton states is
d
d lnσ 〈p|
˜F
a
i (βB,x⊥)F aj (βB,y⊥)|p〉 (1.6)
= −αs〈p|Tr
{∫
d−2k⊥θ
(
1−βB− k
2
⊥
σs
)[
(x⊥|
(
U
1
σβBs+ p2⊥
(U†kk + pkU†)
×
σβBsgµ i−2k⊥µ ki
σβBs+ k2⊥
− 2k⊥µ gikU
1
σβBs+ p2⊥
U†−2gµkU
pi
σβBs+ p2⊥
U†
)
˜F
k(βB + k
2
⊥
σs
)
|k⊥)
× (k⊥|F l
(βB + k
2
⊥
σs
)(σβBsδ µj −2kµ⊥k j
σβBs+ k2⊥
(klU +U pl)
1
σβBs+ p2⊥
U†
−2kµ⊥g jlU
1
σβBs+ p2⊥
U†− 2δ µl U
p j
σβBs+ p2⊥
U†
)
|y⊥)
+ 2(x⊥| ˜Fi
(βB + k
2
⊥
σs
)
|k⊥)(k⊥|F l
(βB + k
2
⊥
σs
)( k j
k2⊥
σβBs+2k2⊥
σβBs+ k2⊥
(klU +U pl)
1
σβBs+ p2⊥
U†
+ 2U
g jl
σβBs+ p2⊥
U†−2 kl
k2⊥
U
p j
σβBs+ p2⊥
U†
)
|y⊥)
+ 2(x⊥|
(
U 1
σβBs+ p2⊥
(U†kk + pkU†)
ki
k2⊥
σβBs+2k2⊥
σβBs+ k2⊥
+2U gik
σβBs+ p2⊥
U†
− 2U
pi
σβBs+ p2⊥
U†
kk
k2⊥
)
˜F
k(βB + k
2
⊥
σs
)
|k⊥)(k⊥|F j
(βB + k
2
⊥
σs
)
|y⊥)
]
+ 2 ˜Fi(βB,x⊥)(y⊥|− p
m
p2⊥
Fk(βB)(i
←
∂ l +Ul)(2δ kmδ lj −g jmgkl)U
1
σβBs+ p2⊥
U†|y⊥)
+ 2(x⊥|U
1
σβBs+ p2⊥
U†(2δ ki δ lm−gimgkl)(i∂k −Uk) ˜Fl(βB) p
m
p2⊥
|x⊥)F j(βB,y⊥)
− 4
∫ d−2k⊥
k2⊥
[
θ
(
1−βB− k
2
⊥
σs
)
˜Fi
(βB + k
2
⊥
σs
,x⊥
)
F j
(βB + k
2
⊥
σs
,y⊥
)
ei(k,x−y)⊥
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−
σβBs
σβBs+ k2⊥
˜Fi(βB,x⊥)F j(βB,y⊥)
]}
|p〉 + O(α2s ),
where we use Schwinger’s notations
(x⊥| f (p⊥)|y⊥) ≡
∫
d−2 p⊥ ei(p,x−y)⊥ f (p), (x⊥|p⊥) = ei(p,x)⊥ . (1.7)
Operator U = [∞,−∞] is an infinite Wilson line.
The equation looks rather untransparent. However, we can show that in different kinematic
limits this equation significantly simplifies and reproduces many well-known results. I start with
the moderate-x limit, when βB = xB ∼ 1 and the transverse momentum of the "detected" parton
q2⊥ ∼ (x− y)
−2
⊥ ∼ s is of the order of the hard scale of the problem. Then I move to the small-
x, when both Bjorken βB ≡ xB ∼ (x−y)−2s and q2⊥ ∼ (x− y)−2⊥ ≪ s have small value. After that I
discuss an intermediate limit, when βB ≡ xB ∼ 1 is large, but q2⊥ ∼ (x− y)−2⊥ ≪ s is still small.
This limit reveals the Sudakov double log evolution. Finally I write a linearized version of the
evolution equation (1.6) and show that it combines DGLAP [16] and BFKL [17] logarithms. I this
this equation is very promising for future phenomenological studies at EIC.
2. Moderate-x limit
In this section we consider the moderate-x (DGLAP) limit of the evolution equation, when
βB = xB ∼ 1 and k2⊥ ∼ (x− y)−2⊥ ∼ s. In this case the main role plays a kinematic condition θ
(
1−
βB− k2⊥σs
)
in the real gluon emission part. The origin of this kinematic restriction is obvious: if p is
a momentum of the parton before the emission, the sum of the longitudinal momentum fraction of
the detected parton βB p and the emitted gluon k2⊥σs p can not exceed its value.
A presence of such kinematic condition means a strong correlation between the rapidity of the
emitted particle and its transverse momentum. Indeed, according to this condition k2⊥<σs(1−βB).
If we follow the evolution and go from some value of rapidity cut-off σ to smaller values σ ′ ≪ σ ,
we immediately get k′2⊥ ≪ k2⊥.
In the rapidity factorization approach we separate all fields into the "quantum" fields with
α > σ and "classical" fields with α < σ . The presence of the kinematic restriction means that
there is ordering of the transverse momentum l2⊥ ≪ k2⊥ as well, where k⊥ (l⊥) is a typical trans-
verse momentum of the quantum (classical) fields. That means that in the moderate-x limit we
are effectively in the light-cone limit: one can perform expansion of the evolution kernel onto the
light-cone direction and neglect contribution suppressed by the ration l⊥/k⊥ ≪ 1. One can check
that the leading contribution in this case comes from contributions linear in the background field
strength tensor F•i and the general equation reduces to
d
d lnσ 〈p|
˜F
a
i (βB,x⊥)F aj (βB,y⊥)|p〉 (2.1)
=
g2Nc
pi
∫
d−2k⊥
{
ei(k,x−y)⊥〈p| ˜F ak
(βB + k
2
⊥
σs
,x⊥
)
F
a
l
(βB + k
2
⊥
σs
,y⊥
)
|p〉
×
[δ ki δ lj
k2⊥
−
2δ ki δ lj
σβBs+ k2⊥
+
k2⊥δ ki δ lj +δ kj kikl +δ li k jkk−δ ljkikk −δ ki k jkl −gklkik j −gi jkkkl
(σβBs+ k2⊥)2
4
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+ k2⊥
2gi jkkkl +δ ki k jkl +δ ljkikk−δ kj kikl −δ li k jkk
(σβBs+ k2⊥)3
−
k4⊥gi jkkkl
(σβBs+ k2⊥)4
]
θ
(
1−βB− k
2
⊥
σs
)
−
σβBs
k2⊥(σβBs+ k2⊥)
〈p| ˜F ai (βB,x⊥)F aj (βB,y⊥)|p〉
}
.
One can consider a special case of unpolarized scattering and rewrite evolution in terms of two
gluon distribution functions D(βB,z⊥, lnσ) and H (βB,z⊥, lnσ) [5]:
〈p| ˜F ai (βB,z⊥)F aj (βB,0⊥)|p+ξ p2〉η
= 2pi2δ (ξ )βBg2
[
−gi jD(βB,z⊥,η)− 4
m2
(2ziz j +gi jz2⊥)H ′′(βB,z⊥,η)
]
, (2.2)
where H ′′(βB,z⊥,η) ≡
( ∂
∂ z2
)2
H (βB,z⊥,η). We substitute this decomposition into (2.1), which
yields a system of two equations:
d
dη αsD(βB,z⊥,η) (2.3)
=
αsNc
pi
∫ 1
βB
dz′
z′
{
J0
(
|z⊥|
√
σsβB 1− z
′
z′
)[( 1
1− z′
)
+
+
1
z′
−2+ z′(1− z′)
]
αsD
(βB
z′
,z⊥,η
)
+
4
m2
(1− z′)z′z2⊥J2
(
|z⊥|
√
σsβB 1− z
′
z′
)
αsH
′′(
βB
z′
,z⊥,η)
}
,
d
dη αsH
′′(βB,z⊥,η)
=
αsNc
pi
∫ 1
βB
dz′
z′
{
J0
(
|z⊥|
√
σsβB 1− z
′
z′
)[( 1
1− z′
)
+
−1
]
αsH
′′
(βB
z′
,z⊥,η
)
+
m2
4z2⊥
1− z′
z′
J2
(
|z⊥|
√
σsβB 1− z
′
z′
)
αsD
(βB
z′
,z⊥,η
)}
,
where z′ ≡ βBβ+βB . We see that there is an entanglement in evolution between two unpolarized gluon
distribution functions. It is important that in the collinear limit x⊥ = y⊥ the first equation reduces
to the well-known DGLAP equation [16]:
d
dη αsD(βB,0⊥,η) =
αs
pi
Nc
∫ 1
βB
dz′
z′
[( 1
1− z′
)
+
+
1
z′
−2+ z′(1− z′)
]
αsD
(βB
z′
,0⊥,η
)
. (2.4)
As a result we see that the general equation (1.6) contains the moderate-x dynamics.
3. Small-x limit
In this limit we consider evolution equation (1.6) at small values of βB ≪ 1. In the small-x
limit all transverse momenta are of the same order. We also assume that characteristic transverse
momentum imposed by the integral over k2⊥ in the real emission part is of the order of (x−y)
−2
⊥ ≪ s.
As a result in the range of rapidity evolution (x−y)
−2
⊥
s
≪σ ≪
(x−y)−2⊥βBs we get
p2⊥
σs ≪ 1 (the upper bound
imposes that there is no cancellation of the non-linear part). In this case the following relation holds
Fi
(βB + p
2
⊥
σs
)
≃Fi(βB)≃ i∂iUU†. (3.1)
5
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A careful examination of the general evolution equation (1.6) gives the following small-x form:
d
d lnσ
˜Uai (x⊥)Uaj (y⊥) = −4αsTr
{(
x⊥
∣∣ ˜U pi ˜U†( ˜U pkp2⊥
˜U†−
pk
p2⊥
)(
U
pk
p2⊥
U†−
pk
p2⊥
)
U p jU†|y⊥)
−
[
(x⊥| ˜U
pi pk
p2⊥
˜U† pk
p2⊥
|x⊥)−
1
2
(x⊥|
1
p2⊥
|x⊥) ˜Ui(x⊥)
]
U j(y⊥)
− ˜Ui(x⊥)
[
(y⊥|
pk
p2⊥
U
p j pk
p2⊥
U†|y⊥)−
1
2
(y⊥|
1
p2⊥
|y⊥)U j(y⊥)
]}
. (3.2)
Note that the TMD operator ˜F ai (βB,x⊥)F aj (βB,y⊥) reduces to the Weizsacker-Williams (WW)
distribution ˜Uai (x⊥)Uaj (y⊥), which is independent of βB.
At this point it is useful to utilize the following formula (x⊥| pip2⊥ |y⊥) =
∫
d−2 p⊥ pip2⊥ e
ip⊥(x−y)⊥ =
1
2pii
(x−y)i
(x−y)2 and apply it to (3.2), which after fairly long calculations yields
d
dη
˜Uai (z1)Uaj (z2) (3.3)
= −
g2
8pi3
Tr
{
(−i∂ z1i + ˜U z1i )
[∫
d2z3( ˜Uz1 ˜U†z3 −1)
z212
z213z
2
23
(Uz3U
†
z2 −1)
]
(i
←
∂ z2j +U z2j )
}
.
It would be interesting to compare this equation with the small-x TMD evolution in Ref. [18]
obtained from the JIMWLK equation [19]. We see that equation (1.6) describes the non-linear
behavior of gluon TMDs typical for small-x, cf. [14, 15].
4. Sudakov limit
In the Sudakov limit we consider a case of moderate xB ≡ βB ∼ 1, but relatively small mo-
mentum of the detected parton q2⊥ ∼ (x−y)
−2
⊥ ∼ few GeV
2 ≪ s. First of all, we expect the integral
over k2⊥ in the real emission part to fall into k2⊥ ∼ q2⊥ ∼ (x− y)
−2
⊥ . The only thing that could pre-
vent this is the kinematic restriction θ
(
1− βB− k2⊥σs
)
, which potentially could cut out this region.
However, if we keep the evolution in the range of (x−y)
−2
⊥
s
≪ σ ≪ 1, we see that for k2⊥ ∼ (x− y)
−2
⊥
one can estimate k
2
⊥
σs ≪ 1 and neglect the θ -function. That in turn means that typical intermediate
momentum is also restricted to p2⊥ ∼ (x− y)
−2
⊥ . As a result one can neglect any combination of
p2⊥
σβBs ∼
k2⊥
σβBs ≪ 1 in the real emission part (it is important here that βB ∼ 1). We also take into ac-
count that a typical transverse momentum of the background fields l⊥ . p⊥, so the structures with
transverse derivative, i.e. pl∂ lU/σβBs ∼ plF l/σβBs ≪ 1, can be omitted as well. All together
this significantly simplifies the real emission part - almost all terms can be neglected. The only
term that survives is the one without the suppression factor 1/σβBs, i.e. (see the last but one line
of the evolution equation)
4αsNc
∫ d−2 p⊥
p2⊥
ei(p,x−y)⊥〈p| ˜F ai
(βB + p
2
⊥
σs
,x⊥
)
F
a
j
(βB + p
2
⊥
σs
,y⊥
)
|p〉.
We see that non-linear contribution from the real gluon emission can be neglected. The same
is true for the virtual part, at least with our accuracy. Indeed, let’s look at one of the non-linear
6
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terms
(y⊥|−
pm
p2⊥
Fk(βB)(i
←
∂ l +Ul)(2δ kmδ lj −g jmgkl)U
1
σβBs+ p2⊥
U†|y⊥) (4.1)
and expand operator O ≡ Fk(βB)(i
←
∂ l +Ul)(2δ kmδ lj−g jmgkl)U around y⊥ direction: Oz⊥ = Oy⊥+
(y− z)i∂iOy⊥ + . . .. One can explicitly integrate over p⊥ and find that
(y⊥|
pm
p2⊥
O
1
σβBs+ p2⊥
|y⊥) = Oy(y⊥|
pm
p2⊥(σβBs+ p2⊥)
|y⊥)+
i∂mOy
4piσβBs + . . . .
The first term is obviously zero and the second one is negligibly small. As a result we see that
non-linear contribution doesn’t survive in the Sudakov limit. The general evolution equation takes
a very simple form:
d
d lnσ 〈p|
˜F
a
i (βB,x⊥)F aj (βB,y⊥)|p〉 (4.2)
= 4αsNc
∫ d−2 p⊥
p2⊥
[
ei(p,x−y)⊥〈p| ˜F ai
(βB + p
2
⊥
σs
,x⊥
)
F
a
j
(βB + p
2
⊥
σs
,y⊥
)
|p〉
−
σβBs
σβBs+ p2⊥
〈p| ˜F ai (βB,x⊥)F aj (βB,y⊥)|p〉
]
.
We see that the real contribution comes from the region of p⊥ ∼ (x−y)−2⊥ , while there is no formal
restriction for transverse momentum in the virtual part. However, it is effectively suppressed in the
UV region by the 1/(σβBs+ p2⊥) factor, so we can introduce a cut-off p2⊥ < σβBs in the virtual
term. As a result, there will be a combination of virtual and real parts for small p2⊥∼ (x−y)
−2
⊥ (with
cancellation of the IF divergence for p2⊥→ 0) and a region of large (x− y)−2⊥ ≪ p2⊥≪ σβBs∼ σs,
which provides only virtual emission. The first region gives us a single-log evolution, while the
second one introduces the Sudakov double-log. For the latter one we have
d
d lnσ 〈p|
˜F
a
i (βB,x⊥)F aj (βB,y⊥)|p〉 ≃ − αsNcpi 〈p| ˜F
a
i (βB,x⊥)F aj (βB,y⊥)|p〉 ln σsz2⊥ (4.3)
with a double-log solution for the distribution function:
D(xB,k⊥, ln σ) ∼ exp
{
−
αsNc
2pi
ln2 σs
k2⊥
}
D(xB,k⊥, ln
k2⊥
s
). (4.4)
It is worth noting that the coefficient in front of ln2 σsk2⊥ is determined by the cusp anomalous dimen-
sion [20] of two light-like Wilson lines going from point y to ∞p1 and ∞p2 directions (with our
cutoff α < σ ).
5. Linearization
It is interesting to obtain a linearized version of the evolution equation (1.6). This implies that
we keep only one gluon filed at each side from the cut and neglect all multi-gluon interactions,
which corresponds to the Wilson line factors U and ˜U . We expect that the simplified equation
7
Evolution of gluon TMDs from small to moderate x
will reproduce explicitly linear evolutions of DGLAP at moderate x and BFKL at small x. This
equation will provide a smooth transition between two limits.
The procedure is pretty straightforward: we keep operators ˜F k
(βB + k2⊥σs ,x⊥) and F l(βB +
k2⊥
σs ,y⊥
)
, which correspond to two single gluons coming from the background field, and drop all
other fields from the equation. This yields
d
d ln σ 〈p|
˜F
a
i (βB, p⊥)F aj (βB, p′⊥)|p〉 (5.1)
= −αsNc
∫
d−2k⊥
{
θ
(
1−βB− k
2
⊥
σs
)[( (p+ k)k
σβBs+ p2⊥
σβBsgµ i−2k⊥µ ki
σβBs+ k2⊥
− 2
k⊥µ gik + pigµk
σβBs+ p2⊥
)
×
(σβBsδ µj −2kµ⊥k j
σβBs+ k2⊥
(p′+ k)l
σβBs+ p′2⊥
−2
kµ⊥g jl +δ
µ
l p
′j
σβBs+ p′2⊥
)
+ 2gik
( k j
k2⊥
σβBs+2k2⊥
σβBs+ k2⊥
(p′+ k)l
σβBs+ p′2⊥
+
2g jl
σβBs+ p′2⊥
−
2p′jkl
k2⊥(σβBs+ p′2⊥)
)
+ 2gl j
( (p+ k)k
σβBs+ p2⊥
ki
k2⊥
σβBs+2k2⊥
σβBs+ k2⊥
+
2gik
σβBs+ p2⊥
−
2pikk
k2⊥(σβBs+ p2⊥)
)]
× 〈p| ˜F k
(βB + k
2
⊥
σs
, p⊥− k⊥
)
F
l(βB + k
2
⊥
σs
, p′⊥− k⊥
)
|p〉
+
2
k2⊥
[(2kl p′j − k j p′l)δ ki
σβBs+(p′+ k)2⊥
+
(2pikk− ki pk)δ lj
σβBs+(p+ k)2⊥
]
〈p| ˜F ak (βB, p⊥)F al (βB, p′⊥)|p〉
−
4
k2⊥
〈p|
[
θ
(
1−βB− k
2
⊥
σs
)
˜Fi
(βB + k
2
⊥
σs
, p⊥− k⊥
)
F j
(βB + k
2
⊥
σs
, p′⊥− k⊥
)
−
σβBs
σβBs+ k2⊥
˜F
a
i (βB, p⊥)F aj (βB, p′⊥)
]
|p〉
}
,
where we performed Fourier transformation to the momentum space using definitions (1.2) and
(1.3). For the terms with derivatives we’ve used
2 ˜Fi(βB, p⊥)
∫
d2y⊥e−ip
′
⊥y⊥(y⊥|−
pm
p2⊥
i∂lFk(βB)2δ
k
mδ lj −g jmgkl
σβBs+ p2⊥
|y⊥) (5.2)
=−2 ˜Fi(βB, l⊥)
∫
d−2k⊥
(k+ p′)m
(k+ p′)2⊥
p′lFk(βB, p′⊥)
2δ kmδ lj −g jmgkl
σβBs+ k2⊥
and a similar expression for the i∂k ˜Fl(βB) operator. It is also useful to note that for arbitrary oper-
ator A defined in the coordinate space as A|x) = A(x)|x) we have a Fourier transform (p1|A|p2) =
A(p1− p2) and (p1| ˜A|p2) = ˜A(−p1 + p2) for the complex conjugated side.
By means of decomposition (2.2) we write the matrix element as
〈p| ˜F ai (βB, p⊥)F aj (βB, p′⊥)|p+η p2〉= (2pi)2δ (2)(p⊥− p′⊥)2pi2δ (ξ )βBg2Ri j(βB, p⊥),
where
Ri j(βB, p⊥) =−gi jD(βB, p⊥)+ (2pi p j
m2
+gi j
p2⊥
m2
)H (βB, p⊥). (5.3)
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In terms of Ri j(βB, p⊥) the linearized version of the evolution equation (1.6) takes its final form
d
d lnσ Ri j(βB, p⊥;η) (5.4)
= −αsNc
∫
d−2k⊥
{[( (2p− k)k
σβBs+ p2⊥
σβBsgµ i−2(p− k)⊥µ (p− k)i
σβBs+(p− k)2⊥
− 2
(p− k)⊥µ gik + pigµk
σβBs+ p2⊥
)
×
(σβBsδ µj −2(p− k)µ⊥(p− k) j
σβBs+(p− k)2⊥
(2p− k)l
σβBs+ p2⊥
−2
(p− k)µ⊥g jl +δ
µ
l p j
σβBs+ p2⊥
)
+ 2gik
((p− k) j(2p− k)l −2p j(p− k)l
(p− k)2⊥(σβBs+ p2⊥)
+
(p− k) j(2p− k)l
(σβBs+(p− k)2⊥)(σβBs+ p2⊥)
+
2g jl
σβBs+ p2⊥
)
+ 2gl j
((p− k)i(2p− k)k −2pi(p− k)k
(p− k)2⊥(σβBs+ p2⊥)
+
(p− k)i(2p− k)k
(σβBs+(p− k)2⊥)(σβBs+ p2⊥)
+
2gik
σβBs+ p2⊥
)]
× θ
(
1−βB− (p− k)
2
⊥
σs
)
R
kl(βB + (p− k)
2
⊥
σs
,k⊥
)
+ 2
δ ki (k j pl −2kl p j)+δ lj(ki pk−2pikk)
k2⊥[σβBs+(p− k)2⊥]
Rkl(βB, p⊥;η)
− 4
[θ(1−βB− (p−k)2⊥σs )
(p− k)2⊥
Ri j
(βB + (p− k)
2
⊥
σs
,k⊥;η
)
−
σβBs
k2⊥(σβBs+ k2⊥)
Ri j(βB, p⊥;η)
]}
.
One should note that this equation describes a forward scattering, which implies that there is no
transition of the transverse momentum along the gluon ladder, i.e. p⊥ = p′⊥. For study of the
non-forward case one should stay with a more general evolution equation (5.1).
At this point we should demonstrate that equation (5.4) contains both DGLAP and BFKL
dynamics. Let’s start with the small-x limit. As was showen in Section 3, we can set βB = 0 and
neglect k
2
⊥
σs ∼ 0. According to (3.1) the matrix element reduces to the WW distribution:
Ri j(0,k⊥) ∼
∫
d2xei(k,x)⊥ 〈p|tr{ ˜Ui(x)U j(0)}|p〉. (5.5)
It is well known (cf. Ref. [21]) that in the leading-order BFKL approximation
〈p|tr{ ˜Ui(x)U j(y)}|p〉 (5.6)
=
αs
4pi2
∫ d2q⊥
q2⊥
qiq jei(q,x)⊥−i(q,y)⊥
∫ d2q′⊥
q′2⊥
ΦT (q′)
∫ a+i∞
a−i∞
dω
2pii
( s
qq′
)ω
Gω(q,q′).
Here ΦT (q′) is the target impact factor and Gω(q,q′) is the partial wave of the forward reggeized
gluon scattering amplitude satisfying the equation
ωGω(q,q′) = δ (2)(q−q′)+
∫
d2 pKBFKL(q, p)Gω(p,q′) (5.7)
with the forward BFKL kernel
KBFKL(q, p) =
αsNc
pi2
[ 1
(q− p)2⊥
−
1
2
δ (q⊥− p⊥)
∫
d p′⊥
q2⊥
p′2⊥(q− p′)2⊥
]
.
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Thus, to get the forward BFKL evolution equation we substitute
Ri j(0,q⊥; ln σ) = qiq jR(q⊥; lnσ) =
αsqiq j
2pi2q2⊥
∫ d2q′
q′2
ΦT (q′)
∫ a+i∞
a−i∞
dω
2pii
( σs
qq′
)ω
Gω(p,q′) (5.8)
into Eq. (5.4) and after some algebra get
d
d lnσ R(p⊥; ln σ) = 2αsNc
∫
d−2k⊥
[ 2k2⊥
p2⊥(p− k)2⊥
R(k⊥; ln σ)−
p2⊥
k2⊥(p− k)2⊥
R(p⊥; ln σ)
]
,
which is the forward scattering BFKL equation [17]. We have also checked that Eq. (5.1) at
p⊥ 6= p′⊥ reduces to the non-forward BFKL equation in the low-x limit: one just need to substitute
〈p| ˜F ai (βB, p⊥)F aj (βB, p⊥−q⊥)|p+η p2〉 ∼ pi(p−q) jR(p⊥,q⊥). (5.9)
The last thing we need to check is how the evolution of
D(βB, lnσ) = − 12
∫
d−2 p⊥R ii (βB, p⊥; lnσ) (5.10)
reduces to the DGLAP equation. As we discussed above, in the light-cone limit one can neglect
k⊥ in comparison to p⊥. Indeed, the integral over p⊥ converges at p2⊥ ∼ σβBs. On the other hand,
extra kik j in the integral over k⊥ leads to the operators of higher collinear twist, for example
∫
d2k⊥ kik j R nn (βB,k⊥; ln σ) ∼ 〈p|∂k ˜F an (βB,0⊥)∂ jF an(βB,0⊥)|p〉η=lnσ
∼ m2gi j〈p| ˜F an (βB,0⊥)F an(βB,0⊥)|p〉ln σ ∼ m2D(βB, lnσ) (5.11)
(where m is the mass of the target), so k2⊥p2⊥ ∼
k2⊥
σβBs ∼
m2
σs ≪ 1.
Neglecting k⊥ in comparison to p⊥ and integrating over angles one obtains
d
d lnσ
∫
d2 p⊥ R ii (βB, p⊥; lnσ) (5.12)
=
αsNc
pi2
∫
d2 p⊥
[ 1
p2⊥
−
2
σβBs+ p2⊥
+
3p2⊥
(σβBs+ p2⊥)2
−
2p4⊥
(σβBs+ p2⊥)3
+
p6⊥
(σβBs+ p2⊥)4
]
×
∫
d2k⊥R ii
(βB + p
2
⊥
σs
,k⊥; lnσ
)
−
∫
d2k⊥
σβBs
k2⊥(σβBs+ k2⊥)
∫
d2 p⊥R ii
(βB, p⊥; ln σ)
One can introduce new variables z′ = βBβB+β , β ≡ k
2
σs and show that this equation reduces to the
DGLAP equation (2.4).
It would be interesting to compare Eq. (5.1) to CCFM equation [22] which also addresses the
question of interplay of BFKL and DGLAP logarithms.
6. Conclusions
We show how the rapidity evolution equation (1.6) looks in different kinematic limits. We find
that it significantly simplifies and coincides with many previously known results. That corroborates
that the equation provides a correct answer in the whole range of Bjorken xB and the whole range
of transverse momentum k⊥.
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In particular, we look at three limits. It is worth to say that they correspond to different steps of
evolution. Indeed, at initial stage the DGLAP evolution is important. In this case xB ≡ βB ∼ 1 and
k2⊥ ∼ s. We show that in this case evolution in rapidity is correlated with the value of k⊥ through a
kinematic condition θ
(
1−βB− k2⊥σs
)
. If σ is not too small, i.e. σ . 1, this condition brings a strict
ordering of the transverse momenta. All non-linear terms can be neglected and we get a system of
two linear evolution equations (2.3) of the DGLAP-type.
However, if we go to smaller σ this θ -function effectively cut-off the DGLAP evolution. At
this stage we take smaller values of k2⊥ ∼ (x− y)
−2
⊥ ≪ s, but keep moderate xB ≡ βB ∼ 1. In the
region (x−y)
−2
βBs ≪ σ ≪ 1 we can neglect the kinematic condition and the non-linear terms as well.
This leads to a linear evolution equation of the Sudakov type (4.2).
If we continue evolution to even smaller values (x−y)
−2
⊥
s
≪ σ ≪
(x−y)−2⊥βBs , the only evolution
that survives is the small-x evolution with xB ≡ βB ≪ 1 and k2⊥ ∼ (x− y)−2⊥ ≪ s. We can omit the
θ -function, but can no longer neglect the non-linear part. We talk about the shock-wave picture of
interaction and get a non-linear equation (3.3) of the BK-type.
As a result we see how the general evolution equation (1.6) describes an interplay between
different logarithms and gives a smooth transition between them.
Finally, for different phenomenological approaches we wrote a linearized version of the equa-
tion (5.4). It takes into account interaction with only two gluons from the background fields and
neglects all non-linear interactions. This equation can be applied in the region of intermediate xB
and we believe will be very useful for analysis of EIC data.
The material presented here is based on paper [12] with I. Balitsky. I thank him for collabora-
tion and guidance.
The author is grateful to G.A. Chirilli, J.C. Collins, Yu. Kovchegov, M. D. Sievert, A.
Prokudin, A.V. Radyushkin, T. Rogers, and F. Yuan for valuable discussions. This work was
supported by contract DE-AC05-06OR23177 under which the Jefferson Science Associates, LLC
operate the Thomas Jefferson National Accelerator Facility.
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